Abstract-This paper is concerned with the problem of the two-channel 2-D IIR filter bank design. Using a systematic optimization approach, which is solved in terms of an LMI, the 2-D IIR synthesis filters are designed such that the systems are alias free and then optimized to achieve approximate perfect reconstruction.
I. INTRODUCTION
One-dimensional (1-D) filter banks have extensive applications include coding and compression of images and video data [4] , [9] . Activities in the area of Multidimensional (M-D) filter banks started in 1980s [5] . 2-D FIR filter banks have been extensively studied in the literature because these filter banks are always stable and have an exact linear phase response [2] , [12] . In comparison with 2-D FIR filter banks, 2-D IIR filter banks usually need a lower filter order to meet the same magnitude specifications, although these filter banks is more complicated, and there are also design methods for these filter banks [1] , [8] . In [1] , parameterizations in frequency domain terms as well as in terms of state space descriptions of filters are provided for designing 2-D IIR filter banks. In particular, many studies have been done on 2-D FIR and IIR perfect reconstruction (PR) filter banks using a two-channel filter bank design [1] , [2] , [3] , [6] , [7] , [8] . For example, a technique to design FIR filter banks using transformations of variables is presented in [7] , and [8] extends the transformation of variables technique to IIR filters. Very simple design methods are given both for FIR and IIR cases in [6] .The two-channel 2-D FIR and IIR perfect reconstruction problem using Gr¨bner bases is given in [2] , [3] . Recently, an LMI approach for the design of 2-D FIR filter banks is considered in [11] .
In this paper, we study the two-channel 2-D IIR filter banks for the diamond filter bank and the quadrant filter bank. Using a systematic optimization approach, which is solved in terms of an LMI, two synthesis filters are designed such that the systems are alias free and then optimized to achieve approximate perfect reconstruction. The advantage of this method is that it can guarantee the stability and causality for the designed synthesis filters.
First of all, we describe the 2-D two-channel IIR filter banks problem and preliminaries in the section 2. The method for designing synthesis filters in terms of an LMI and a corresponding algorithm are presented in section 3. In section 4, an example is provided to demonstrate the applicability of the proposed methods. Finally, we give the conclusions in section 5.
Notation. Throughout this paper, for Hermitian matrices and , the notation ≥ (respectively, > ) means that the matrix − is positive semi-definite (respectively, positive definite).
is the identity matrix with appropriate dimension. The superscript " " represents the transpose and the complex conjugate transpose. For the sake of easing the notation of partitioned symmetric matrices, we use an asterisk ( * ) to represent each of its symmetric blocks. Matrices, if not explicitly stated, are assumed to have compatible dimensions. Consider the 2-D two-channel filter bank in Fig. 1 , where the decimation matrix is a 2 × 2 integer matrix with |det | = 2. In the figure, ( , ) is the input signal, 0 ( 1 , 2 ) and 1 ( 1 , 2 ) are analysis filters, 0 ( 1 , 2 ) and 1 ( 1 , 2 ) are synthesis filters used to reconstruct the signal ( , ), andˆ( , ) is the reconstructed signal. In the absence of the channel noises, perfect reconstruction is said to be achieved if for some integers 1 
II. PROBLEM FORMULATION AND PRELIMINARIES
of the quincunx type =
, and the alias transfer function ( 1 , 2 ) and the distortion function ( 1 , 2 ) are given by
and for the quadrant filter bank, with the choice of
, the alias transfer function ( 1 , 2 ) and the dis-tortion function ( 1 , 2 ) are given by
The system is alias free if the alias transfer function ( 1 , 2 ) = 0. The system has perfect reconstruction if it is alias free and the distortion function ( 1 , 2 ) is a delay [5] . In this paper, the 2-D IIR filter bank design problem is formulated as follows. Given two 2-D IIR filters 0 ( 1 , 2 ) and
for the diamond filter bank, and
for the quadrant filter bank, and for some integers 1 
where
Note that (6) and (8) 
and [
for some ( 1 , 2 ). An optimization formulation for handling above conditions is thus
for the diamond filter bank, and for the quadrant filter bank (see Fig.2 1 , 2 ) to minimize . Remark 1: Note that the above optimization problem leads to aliasing-free filter bank. Thus, the design of a filter bank reduces to designing synthesis banks such that the distortion error is minimized.
III. MAIN RESULTS
In this section, we will present a method for designing stable and causal 2-D IIR synthesis filters.
A. Equivalent state-space computations
For a 2-D system, its Roesser state-space representation is defined by the following equations
where ℎ ( , ) ∈ ℎ , ( , ) ∈ are the horizontal state vector and the vertical state vector, respectively; ( , ) ∈ is the measured output vector; ( , ) ∈ is the input vector. To simplify the presentation, we use the packed notation.
Thus [ ] stands for the transfer function
where ( 1 , 2 ) = { 1 ℎ , 2 }. Now, denote the state-space representation for
respectively, where
, and
. Then, the state-space representation for (11) can be written as
=Ω˜Ω ,¯=Ω˜,¯=˜Ω ,¯= − ,
and
, and its transfer
ously, ∞ norm of
) simply is that of the 2-D system (Σ). In other words, solving the optimization problem in (11) requires one to find , , , to minimize ∞ norm of the 2-D system (Σ).
B. 2-D IIR synthesis filter design
We start this subsection by recalling a lemma which will be essential in the proof of the main results.
Lemma 1: [10] Given a scalar > 0, the 2-D system (Σ) is stable and
In the following, we can get the design of ( 1 , 2 ) using an LMI approach. Suppose that ( 1 , 2 ) is given as above. Then for a given scalar > 0, there exists a th-order ( 1 , 2 ) such that
Theorem 1:
Then ( 1 , 2 ) can be designed by
Proof: By Lemma 1,
Pre-and post-multiplying (33) by {Ω , ,Ω , } and its transpose, the matrix inequality (33) is equivalent to ⎡
where Ψ =Ω ΦΩ, =ΩΩ.
, which is consistent with˜. Similarly, has the blocked form ] corresponding to the structure of Ψ. Substituting the above structure of Ψ and into (34), and letting := , := , := , := , then we can obtain (31). This completes the proof. Remark 2: The optimization problem (11) If the solution of (35) is obtain, then the filter ( 1 , 2 ) can be designed in (32). Now, from the above theory, we give the following design procedure.
Procedure
Step 1: Compute ( 1 , 2 ) from (2) or (13).
Step 2: Compute , , , , , , and , , , in (17), (18) and (26)-(29).
Step 3: Solve the optimization problem (35), to deduce the matrices , , , from (32).
Step 4: Compute ( 1 , 2 ) from (16).
Step 5: Compute 0 ( 1 , 2 ) and 1 ( 1 , 2 ) from (9) or (10) . Remark 3: It is well known that the stability is a significant requirement in IIR filter design. Note that from Theorem 1, the LMI (31) always guarantee the stability of¯, whose eigen values are that of and . Then, the designed filter ( 1 , 2 ) is always stable.
The following example verify the feasibility and effectiveness of this method.
IV. EXAMPLE
Consider a 2-D two-channel IIR diamond filter bank with the following low pass filter 0 ( 1 , 2 ) and high pass filter
2 − 0.094
The magnitude responses of 0 ( 1 , 2 ) and 1 ( 1 , 2 ) are shown in Fig. 3 and Fig. 4 . Let 1 = 17, 2 = 1, using the above procedure, firstly, we can compute ( 1 , 2 ) = − −17 1 . Then, by Theorem 1 or the design procedure summarized at the end of Section III, we can obtain ( 1 , 2 ) = − −1 2 , and finally, the synthesis filters 0 ( 1 , 2 ) and 1 ( 1 , 2 ) given below
The magnitude responses of 0 ( 1 , 2 ) and 1 ( 1 , 2 ) are shown in Fig. 5 and Fig. 6 . V. CONCLUSIONS In this paper we have considered the problem of the twochannel 2-D IIR filter bank design. The synthesis filters have been given in terms of solutions to an LMI. This method can guarantee the stability and causality for the designed synthesis filters. 
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